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Abstract: 

The purpose of this study is to prove actuality findings for a coupled system of 

Volterra- Stieltjes type nonlinear quadratic integral equations over a 

unrestricted bounded interval in the space of  nonstop functions.  
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 1. Introduction 

 In the applied  lores, integral equations are essential for  bluffing a variety of 

events and  marvels. Functional analysis, topology, and fixed point  proposition 

have all been used to make substantial advancements in this discipline ( see ( 1, 

9, 10, 11, 12, 15)).  

 Examining the solvability of a coupled system of quadratic Volterra- Stieltjes 

integral equations is the main  thing of this work.  

 We calculate on the delineations and  parcels presented by Banas ( see( 2, 3)) 

to explain the significance of the Stieltjes integral in this  environment.  

 also,  previous  exploration on  analogous areas has inspired interest in  probing  

similar coupled systems.  

 The actuality theorems for a linked system of quadratic Volterra- Stieltjes 

integral equations, which include several types of Volterra integral equations as 

special cases, are established in this paper. We  decide actuality results under 

general and flexible  hypotheticals thanks to our  evidence, which is grounded 

on the fixed- point conception.  

Throughout this paper, let 𝑰 =  ( 𝟎, 𝑻) and 𝑿 be the Banach space of all ordered  

dyads ( 𝒙, 𝒚)  ∈  𝑿 =   𝑪( 𝑰)  ×  𝑪( 𝑰), with the norm  
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‖(𝒙, 𝒚)‖𝑿 = 𝒎𝒂𝒙 {‖𝒙‖𝑪, ‖𝒚‖𝑪}, 

 

where 

  ‖𝒙‖𝑪 = 𝐬𝐮𝐩
𝒕∈𝑰

|𝒙|, ‖𝒚‖𝑪 = 𝐬𝐮𝐩
𝒕∈𝑰

|𝒚|, 

 

It's clear that ( 𝑿, ‖( 𝒙, 𝒚) ‖, 𝑿) is Banach space.  

Now, we shall present some auxiliary properties of fractional calculus that will 

be need in this work. 
 

Definition 1. The Riemann-Liouville of a fractional integral of the function 

𝒇 ∈  𝑳_𝟏 (𝑰) of order 𝜶 ∈  𝑹+ is defined by 
 

                                                       𝑰𝒂
𝜶𝒇(𝒕) = ∫

(𝒕−𝒔)𝜶−𝟏

𝜞(𝜶)

𝒕

𝟎
𝒇(𝒔) 𝒅𝒔. 

and when 𝒉 =  𝟎, we have 𝑰𝜶 𝒇(𝒕) =  𝑰𝒂

𝜶𝒇(𝒕). 

 

Definition 2. The (Caputo) fractional order derivative 𝑫𝜶, 𝜶 ∈  (𝟎, 𝟏] of the 

absolutely continuous function 𝒈 is defined as 
 

𝑫𝒂
𝜶𝒈(𝒕) = 𝑰𝒂

𝟏−𝜶
𝒅

𝒅𝒕
𝒈(𝒕), 𝒕 ∈ [𝒂, 𝒃]. 

  

 For  farther  parcels of fractional  math driver( See ( 20),( 21),( 22) and    ( 

23)). 

 2. Preliminaries  

In this section, we study the solvability of the coupled system of nonlinear  

 quadratic integral equations of Volterra- Stieltjes type having the form  

  

𝒙(𝒕) =  𝒉𝟏(𝒕) + 𝒇𝟏(𝒕, 𝒚(𝝎𝟏(𝒕)) ∫ 𝒖𝟏(𝒕, 𝒔, 𝒚(𝝎𝟏(𝒔))𝒅𝒔𝒈𝟏(𝒕, 𝒔)
𝒕

𝟎

, 𝒕 ∈ 𝑰 

              (1)   

𝒚(𝒕) =  𝒉𝟐(𝒕) + 𝒇𝟏𝟐(𝒕, 𝒚(𝝎𝟐(𝒕)) ∫ 𝒖𝟐(𝒕, 𝒔, 𝒚(𝝎𝟐(𝒔))𝒅𝒔𝒈𝟐(𝒕, 𝒔)
𝒕

𝟎

, 𝒕 ∈ 𝑰 
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 Our  thing is to show that system ( 1) has at least one  result in the space 𝑿. 

For our  farther purposes we denote by △ the triangle △ =  {( 𝒕, 𝒔) 𝟎 ≤  𝒔 ≤  𝒕 ≤

 𝑻}.  

In our investigations, , we give some  hypotheticals which are  demanded 

throughout this paper.  

(i) 𝒉𝒊: 𝑰 → 𝑹, (𝒊 = 𝟏, 𝟐) are continuous on 𝑰. There are constants 𝒉𝒊, where 𝒉𝒊 =

𝐬𝐮𝐩
𝒕∈𝑰

|𝒉𝒊(𝒕)|. 

 

(ii) 𝒇𝒊 ∶  𝑰 ×  𝑹 →  𝑹, (𝒊 =  𝟏, 𝟐) are continuous functions and there exist 

continuous functions 

𝒎𝒊(𝒕) ∶  𝑰 →  𝑰 such that 

|𝒇𝒊(𝒕, 𝒙)  −  𝒇𝒊(𝒕, 𝒚)|  ≤  𝒎𝒊(𝒕)|𝒙 −  𝒚|, 

 

for all 𝒙, 𝒚 ∈  𝑹 and 𝒕 ∈  𝑰. Moreover, we put 𝒎𝒊 =  𝒎𝒂𝒙{𝒎𝒊(𝒕) 𝒕 ∈  𝑰, }. 

 

(iii) 𝒖𝒊(𝒕, 𝒔, 𝒙) ∶ △ ×  𝑹 →  𝑹, ( 𝒊 =  𝟏, 𝟐 ) are continuous functions and there exist 

continuous functions 𝒏𝒊(𝒕, 𝒔) ∶ △ →  𝑰, and continuous and nondecreasing 

functions 𝝋𝒊 ∶  𝑹+ →  𝑹 +, such 

that 

|𝒖𝒊(𝒕, 𝒔, 𝒙)|  ≤ 𝒏𝒊(𝒕, 𝒔)𝝋𝒊(|𝒙|), 

 

for all (𝒕, 𝒔)  ∈ △ and 𝒙 ∈  𝑹. Moreover, we put 𝒏𝒊  =  𝒎𝒂𝒙{𝒏𝒊(𝒕, 𝒔) 𝒕, 𝒔 ∈  𝑰}. 

 

(iv) 𝜔𝑖 ∶ 𝐼 → 𝐼 are continuous, (𝒊 =  𝟏, 𝟐). 

 

(v) Functions 𝒔 →  𝒈𝒊(𝒕, 𝒔) are of bounded variation on [𝟎, 𝒕] for each 𝒕 ∈  𝑰, 𝒊 =
 𝟏, 𝟐. 

 

(vi) Functions 𝒈𝒊 are continuous on the triangle △ and 𝒈𝒊(𝒕, 𝟎)  =  𝟎 for 𝒊 =  𝟏, 𝟐. 

 

(vii) 𝒈𝒊(𝒕, 𝒔)  = 𝒈𝒊 ∶  ∆𝒊 →  𝑹, 𝒊 =  𝟏, 𝟐 and for all 𝒕𝟏, 𝒕𝟐  ∈  𝑰 with 𝒕𝟏  < 𝒕𝟐, the functions 

𝒔 →  𝒈𝒊(𝒕𝟐, 𝒔)  − 𝒈𝒊(𝒕𝟏, 𝒔) are nondecreasing on I. 
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(viii) For any 𝝐 >  𝟎 there exists 𝜹 >  𝟎 such that, for all𝒕𝟏;  𝒕𝟐  ∈  𝑰 such that 𝒕𝟏  <

 𝒕𝟐 and 𝒕𝟐  − 𝒕𝟏 ≤  𝜹 

the following inequality holds 

 

⋁[𝒈𝒊(𝒕𝟐, 𝒔) − 𝒈𝒊(𝒕𝟏, 𝒔)] ≤ 𝝐,   𝒊 = 𝟏, 𝟐.

𝒕

𝒔=𝟎

 

 

Obviously, we will assume that 𝑔𝑖 , (𝑖 =  1, 2) satisfy hypotheticals (iv) − 

(vii). For our purposes, we will need the following lemmas. 

 

Lemma 1. [6] Under hypotheticals (v)-(viii), The functions 𝒛 → ⋁ 𝒈𝒊(𝒕, 𝒔)𝒛
𝒔=𝟎  

are continuous on [𝟎, 𝒕] for any 𝒕 ∈  𝑰 (𝒊 = 𝟏, 𝟐).    

 

Lemma 2. [6] Let hypotheticals (v)-(viii) be satisfied. Then, for arbitrary 

fixed number 𝟎 < 𝒕𝟐  ∈  𝑰 

and for any 𝝐 >  𝟎, there exists 𝜹 >  𝟎 such that if 𝒕𝟏  ∈  𝑰; 𝒕𝟏  <  𝒕𝟐 and𝒕𝟐  − 𝒕𝟏 ≤  𝜹 

then ⋁ 𝒈𝒊(𝒕𝟐, 𝒔) ≤ 𝝐.  (𝒊 = 𝟏, 𝟐)
𝒕𝟐
𝒔=𝒕𝟏

. 

 

Further, let us observe that grounded on Lemma 1 we infer that there exists 

finite positive constants 

𝑲𝒊, similar that 

𝑲𝒊 =  𝒔𝒖𝒑 {⋁ 𝒈𝒊(𝒕, 𝒔): 𝒕 ∈ [𝟎, 𝑻]

𝒕

𝒔=𝟎

} . 

 

where 𝑻 >  𝟎 is arbitrarily fixed (𝒊 =  𝟏, 𝟐). 

We now introduce some functions that will be useful in our further studies: 

𝑾𝒊 = 𝒔𝒖𝒑 {⋁(𝒈𝒊(𝒕𝟐, 𝒔) − 𝒈𝒊(𝒕𝟏, 𝒔)) ∶  𝒕𝟏,  𝒕𝟏 ∈ 𝑰, 𝒕𝟏 < 𝒕𝟐 ≤ 𝝐, 𝒊 = 𝟏, 𝟐  

𝒕𝟐

𝒔=𝟎

}. 
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In what follows let us denote by 𝑭𝒊 the constant defined by the formula: 

 

𝑭𝒊 =  𝒔𝒖𝒑{|𝒇𝒊 (𝒕, 𝟎)| ∶  𝒕 ∈  𝑰, 𝒊 =  𝟏, 𝟐}. 

 

Now, we are in position to present the main result of the paper. 

 

3. Main Result  

 Defined the operator by  

𝑻(𝒙, 𝒚)(𝒕) = (𝑻𝟏𝒚(𝒕), 𝑻𝟐𝒙(𝒕)), 

where  

𝑻𝟏𝒙(𝒕) =  𝒉𝟏(𝒕) + 𝒇𝟏(𝒕, 𝒚(𝝎𝟏(𝒕)) ∫ 𝒖𝟏(𝒔, 𝒚(𝝎𝟏(𝒔))𝒅𝒔𝒈𝟏(𝒕, 𝒔)
𝒕

𝟎

, 𝒕 ∈ 𝑰 

            (2) 

𝑻𝟐𝒚(𝒕) =  𝒉𝟐(𝒕) + 𝒇𝟏𝟐(𝒕, 𝒚(𝝎𝟐(𝒕)) ∫ 𝒖𝟐(𝒔, 𝒚(𝝎𝟐(𝒔))𝒅𝒔𝒈𝟐(𝒕, 𝒔)
𝒕

𝟎

, 𝒕 ∈ 𝑰 

Theorem 1. Let hypotheticals ( i)-( vii) be satisfied. also the coupled system 

of quadratic Volterra- Stieltjes integral equations( 1) has at least one 

solution ( 𝒙, 𝒚) belonging to the space 𝑿.  

Proof.  We prove a many results concerning the continuity and compactness 

of these operators  in the space of continuous  functions.  

Define   

𝑽 = {𝒗 = (𝒙(𝒕), 𝒚(𝒕)) ∶ (𝒙(𝒕), 𝒚(𝒕)) ∈ 𝑿 ∶  ‖(𝒙, 𝒚)‖ 𝑿 ≤ 𝒓}.   

 

For (𝒙, 𝒚) ∈ 𝑽, and define the operator 𝑻 map 𝑽 into 𝑽, we have 

 |𝑻𝟏𝒚(𝒕)| ≤ |𝒉𝟏| + |𝒇𝟏(𝒕, 𝒚(𝝎𝟏(𝒕))| ∫ |𝒖𝟏(𝒕, 𝒔, 𝒚(𝝎𝟏(𝒔))||𝒅𝒔𝒈𝟏(𝒕, 𝒔)|
𝒕

𝟎
  

                 ≤ ‖𝒉𝟏‖ + [𝒎𝒊|𝒚(𝒕)| + |𝒇𝟏(𝒕, 𝟎)|] ∫ 𝒏𝟏(𝒕, 𝒔)𝝋𝟏(|𝒚(𝒔)|)𝒅𝒔(⋁ 𝒈𝟏(𝒕, 𝑷),𝒕
𝑷=𝟎

𝒕

𝟎
 

                 ≤ ‖𝒉𝟏‖ + [‖𝒚‖𝒎𝟏 + 𝑭𝟏]𝒏𝟏𝝋𝟏(‖𝒚‖)(⋁ 𝒈𝟏(𝒕, 𝒑),𝒕
𝒑=𝟎  

    ‖𝑻𝟏𝒚‖ ≤ ‖𝒉𝟏‖ + [𝒓𝟏𝒎𝟏 + 𝑭𝟏]𝒏𝟏𝝋𝟏(𝒓𝟏) 𝐬𝐮𝐩
𝒕∈𝑰

(⋁ 𝒈𝟏(𝒕, 𝒑)).𝒕
𝒑=𝟎  
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Hence, we get 

‖𝑻𝟏𝒚‖ ≤ ‖𝒉𝟏‖ + 𝑲𝟏[𝒎𝟏𝒓𝟏 + 𝑭𝟏]𝒏𝟏𝝋𝟏(𝒓𝟏). 

From the last estimate we conclude that  𝒓𝟏 =
‖𝒉𝟏‖+𝑭𝟏𝑲𝟏𝒏𝟏𝝋𝟏(𝒓𝟏)

𝟏−𝒎𝟏𝒏𝟏𝑲𝟏𝝋
𝟏

(𝒓𝟏)
. 

By a  analogous way, we  gain 

 ‖𝑻𝟐𝒚‖ ≤ ‖𝒉𝟐‖ + 𝑲𝟐[𝒎𝟐𝒓𝟐 + 𝑭𝟐]𝒏𝟐𝝋𝟐(𝒓𝟐). 𝒓𝟐 =
‖𝒉𝟐‖+𝑭𝟐𝑲𝟐𝒏𝟐𝝋𝟐(𝒓𝟐)

𝟏−𝒎𝟐𝒏𝟐𝑲𝟐𝝋𝟐(𝒓𝟐)
. 

Thus 

‖𝑻𝒗‖𝑿    =   ‖𝑻(𝒙, 𝒚)‖𝑿 = ‖𝑻𝟏𝒚, 𝑻𝟐𝒙‖𝑿 

                                                                ≤  𝒎𝒂𝒙
𝒕∈𝑰

{‖𝑻𝟏𝒚‖𝑪, ‖𝑻𝟐𝒚‖𝑪} = 𝒓. 

Therefore for every 𝒗 =  (𝒙, 𝒚)  ∈  𝑽, we have  𝑻𝒗 ∈  𝑽 and hence𝑻𝑽 ⊂  𝑽, ( 𝒊. 𝒆 𝑻 ∶

 𝑽 →  𝑽). This means that the functions of 𝑻𝑼 are uniformly bounded on 𝑰, it is 

clear that the set 𝑽 is nonempty, bounded, closed and convex. Now, we need to 

show that the set 𝑻𝑽 is relatively compact. 

For 𝒗 =  (𝒙, 𝒚)  ∈  𝑽, for all 𝝐 >  𝟎, 𝜹 >  𝟎, and for each 𝒕𝟏, 𝒕𝟐  ∈  𝑰( without loss of 

generality assume that 𝒕𝟏  <  𝒕𝟐 , such that |𝒕𝟐  −  𝒕𝟏|  <  𝜹, we have 

 

 |𝑻𝟏𝒚(𝒕𝟐) − 𝑻𝟏𝒚(𝒕𝟏)|  

 

 = |𝒉𝟏(𝒕𝟐) − 𝒉𝟏(𝒕𝟏) + 𝒇𝟏(𝒕𝟐, 𝒚(𝝎𝟏(𝒕𝟐))) ∫ 𝒖𝟏 (𝒕𝟐, 𝒔, 𝒚(𝝎𝟏(𝒔)))
𝒕𝟐

𝟎
𝒅𝒔𝒈𝟏(𝒕𝟐, 𝒔)  

 

 − 𝒇𝟏(𝒕𝟏, 𝒚(𝝎𝟏(𝒕𝟏))) ∫ 𝒖𝟏 (𝒕𝟏, 𝒔, 𝒚(𝝎𝟏(𝒔))) 𝒅𝒔𝒈𝟏(𝒕𝟏, 𝒔)
𝒕𝟏

𝟎
| 

 

  ≤ |𝒉𝟏(𝒕𝟐) − 𝒉𝟏(𝒕𝟏)| + |𝒇𝟏(𝒕𝟐, 𝒚(𝝎𝟏(𝒕𝟐))) − 𝒇𝟏(𝒕𝟐, 𝒚(𝝎𝟏(𝒕𝟏)))| 
 

   .   |∫ 𝒖𝟏 (𝒕𝟐, 𝒔, 𝒚(𝝎𝟏(𝒔)))
𝒕𝟐

𝟎
𝒅𝒔𝒈𝟏(𝒕𝟐, 𝒔)| 

   

  + |𝒇𝟏(𝒕𝟐, 𝒚(𝝎𝟏(𝒕𝟏))) ∫ 𝒖𝟏 (𝒕𝟐, 𝒔, 𝒚(𝝎𝟏(𝒔)))
𝒕𝟐

𝟎
𝒅𝒔𝒈𝟏(𝒕𝟐, 𝒔)| 

 

  − |𝒇𝟏(𝒕𝟏, 𝒚(𝝎𝟏(𝒕𝟏))) ∫ 𝒖𝟏 (𝒕𝟐, 𝒔, 𝒚(𝝎𝟏(𝒔)))
𝒕𝟐

𝟎
𝒅𝒔𝒈𝟏(𝒕𝟐, 𝒔)| 

 

  + |𝒇𝟏(𝒕𝟏, 𝒚(𝝎𝟏(𝒕𝟏))) ∫ 𝒖𝟏 (𝒕𝟐, 𝒔, 𝒚(𝝎𝟏(𝒔)))
𝒕𝟐

𝟎
𝒅𝒔𝒈𝟏(𝒕𝟐, 𝒔)| 

 

  − |𝒇𝟏(𝒕𝟏, 𝒚(𝝎𝟏(𝒕𝟏))) ∫ 𝒖𝟏 (𝒕𝟐, 𝒔, 𝒚(𝝎𝟏(𝒔)))
𝒕𝟐

𝟎
𝒅𝒔𝒈𝟏(𝒕𝟏, 𝒔)| 
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  + |𝒇𝟏(𝒕𝟏, 𝒚(𝝎𝟏(𝒕𝟏))) ∫ 𝒖𝟏 (𝒕𝟐, 𝒔, 𝒚(𝝎𝟏(𝒔)))
𝒕𝟐

𝟎
𝒅𝒔𝒈𝟏(𝒕𝟏, 𝒔)| 

 

  − |𝒇𝟏(𝒕𝟏, 𝒚(𝝎𝟏(𝒕𝟏))) ∫ 𝒖𝟏 (𝒕𝟏, 𝒔, 𝒚(𝝎𝟏(𝒔)))
𝒕𝟐

𝟎
𝒅𝒔𝒈𝟏(𝒕𝟏, 𝒔)| 

 

  + |𝒇𝟏(𝒕𝟏, 𝒚(𝝎𝟏(𝒕𝟏))) ∫ 𝒖𝟏 (𝒕𝟏, 𝒔, 𝒚(𝝎𝟏(𝒔)))
𝒕𝟐

𝟎
𝒅𝒔𝒈𝟏(𝒕𝟏, 𝒔)| 

 

  − |𝒇𝟏(𝒕𝟏, 𝒚(𝝎𝟏(𝒕𝟏))) ∫ 𝒖𝟏 (𝒕𝟏, 𝒔, 𝒚(𝝎𝟏(𝒔)))
𝒕𝟏

𝟎
𝒅𝒔𝒈𝟏(𝒕𝟏, 𝒔)| 

 

  ≤  ℵ(𝒉𝟏, 𝝐) + 𝒎𝟏(𝒕𝟐)|𝒚(𝒕𝟐) − 𝒚(𝒕𝟏)| ∫ |𝒖𝟏(𝒕𝟐, 𝒔, 𝒚(𝝎𝟏(𝒔)))|𝒅𝒔(⋁ 𝒈𝟏(𝒕𝟐, 𝒑)𝒔
𝒑=𝟎 )

𝒕𝟐

𝟎
 

 

 + |𝒇𝟏(𝒕𝟐, 𝒚(𝒕𝟏)) − 𝒇𝟏(𝒕𝟏, 𝒚(𝒕𝟏))| ∫ |𝒖𝟏 (𝒕𝟐, 𝒔, 𝒚(𝝎𝟏(𝒔)))| 𝒅𝒔(⋁ 𝒈𝟏(𝒕𝟐, 𝒑)𝒔
𝒑=𝟎 )

𝒕𝟐

𝟎
 

 

 +  |𝒇𝟏(𝒕𝟏, 𝒚(𝒕𝟏))| ∫ |𝒖𝟏 (𝒕𝟐, 𝒔, 𝒚(𝝎𝟏(𝒔)))| 𝒅𝒔(⋁ [𝒈𝟏(𝒕𝟐, 𝒑) − 𝒈𝟏(𝒕𝟏, 𝒑)]𝒔
𝒑=𝟎 )

𝒕𝟐

𝟎
 

 

 +  |𝒇𝟏(𝒕𝟏, 𝒚(𝒕𝟏))| ∫ |𝒖𝟏 (𝒕𝟐, 𝒔, 𝒚(𝝎𝟏(𝒔))) − 𝒖𝟏 (𝒕𝟏, 𝒔, 𝒚(𝝎𝟏(𝒔)))| 𝒅𝒔(⋁ 𝒈𝟏(𝒕𝟏, 𝒑)𝒔
𝒑=𝟎 )

𝒕𝟐

𝟎
 

 

 +  |𝒇𝟏(𝒕𝟏, 𝒚(𝒕𝟏))| ∫ |𝒖𝟏(𝒕𝟏, 𝒔, 𝒚(𝝎𝟏(𝒔)))|𝒅𝒔(⋁ 𝒈𝟏(𝒕𝟏, 𝒑)𝒔
𝒑=𝟎 )

𝒕𝟐

𝒕𝟏
 

 

 ≤  ℵ(𝒉𝟏, 𝝐) + 𝒎𝟏(𝒕𝟐)ℵ(𝒚, 𝝐) ∫ 𝒏𝟏(𝒕𝟐, 𝒔)𝝋𝟏(| 𝒚(𝒔)|)𝒅𝒔(⋁ 𝒈𝟏(𝒕𝟐, 𝒑)𝒔
𝒑=𝟎 )

𝒕𝟐

𝟎
 

 

 + ℵ𝒇𝟏(𝝐) ∫ 𝒏𝟏(𝒕𝟐, 𝒔)𝝋𝟏(| 𝒚(𝒔)|)𝒅𝒔(⋁ 𝒈𝟏(𝒕𝟐, 𝒑)𝒔
𝒑=𝟎 )

𝒕𝟐

𝟎
 

 

 +[𝒎𝟏 (𝒕𝟏)|𝒚(𝒕𝟏)| + |𝒇𝟏(𝒕𝟏, 𝟎)|] ∫ 𝒏𝟏(𝒕𝟐, 𝒔)𝝋𝟏(| 𝒚(𝒔)|)𝒅𝒔(⋁ [𝒈𝟏(𝒕𝟐, 𝒑) − 𝒈𝟏(𝒕𝟏, 𝒑)]𝒔
𝒑=𝟎 )

𝒕𝟐

𝟎
 

 

 + [𝒎𝟏 (𝒕𝟏)|𝒚(𝒕𝟏)| + |𝒇𝟏(𝒕𝟏, 𝟎)|] ∫ ℵ𝒖𝟏(𝝐)𝒅𝒔(⋁ 𝒈𝟏(𝒕𝟏, 𝒑)𝒔
𝒑=𝟎 )

𝒕𝟐

𝟎
 

 

 +[𝒎𝟏 (𝒕𝟏)|𝒚(𝒕𝟏)| + |𝒇𝟏(𝒕𝟏, 𝟎)|] ∫ 𝒏𝟏(𝒕𝟏, 𝒔)𝝋𝟏(| 𝒚(𝒔)|)𝒅𝒔(⋁ 𝒈𝟏(𝒕𝟏, 𝒑)𝒔
𝒑=𝟎 )

𝒕𝟐

𝒕𝟏
 

 

Where 
 

          ℵ(𝒉𝒊, 𝝐) = 𝒔𝒖𝒑 {|𝒉𝟏(𝒕𝟐) − 𝒉𝟏(𝒕𝟏)|:  𝒕𝟏, 𝒕𝟐 ∈  𝑰, |𝒕𝟐  −  𝒕𝟏| <  𝝐, 𝒊 = 𝟏, 𝟐 }, 
 

            ℵ𝒇𝒊(𝝐) = 𝒔𝒖𝒑 {|𝒇𝒊(𝒕𝟐, 𝒗) − 𝒇𝒊(𝒕𝟏, 𝒗)| ∶   𝒕𝟏, 𝒕𝟐 ∈  𝑰, |𝒕𝟐  −  𝒕𝟏| <  𝝐, 𝒗 ∈ 𝑹, 𝒊 = 𝟏, 𝟐}, 

            ℵ𝒖𝒊(𝝐) = {|𝒖𝟏(𝒕𝟐, 𝒔, 𝒗(𝒔)) − 𝒖𝟐(𝒕𝟏, 𝒔, 𝒗(𝒔))| ∶  𝒕𝟏, 𝒕𝟐 ∈  𝑰, |𝒕𝟐  −  𝒕𝟏| <  𝝐, 𝒗 ∈ 𝑹, 𝒊 = 𝟏, 𝟐 }.  
 

Then, form estimate we get 

 
  |𝑻𝟏𝒚(𝒕𝟐) − 𝑻𝟏𝒚(𝒕𝟏)| ≤  ℵ(𝒉𝟏, 𝝐) + [𝒎𝟏(𝒕𝟐)ℵ(𝒚, 𝝐)ℵ𝒇𝒊(𝝐)]𝒏𝟏𝝋𝟏(‖| 𝒚|‖) +

∫ 𝒅𝒔(⋁ 𝒈𝟏(𝒕𝟐, 𝒑)𝒔
𝒑=𝟎 )

𝒕𝟐

𝟎
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                                      + [𝒎𝟏 ‖𝒚‖ + 𝑭𝟏] [𝒏𝟏𝝋𝟏(‖| 𝒚|‖) ∫ 𝒅𝒔(⋁ [𝒈𝟏(𝒕𝟐, 𝒑) − 𝒈𝟏(𝒕𝟏, 𝒑)]𝒔
𝒑=𝟎 )

𝒕𝟐

𝟎
 

 

                                      + ℵ𝒖𝟏(𝝐) ∫ 𝒅𝒔(⋁ 𝒈𝟏(𝒕𝟐, 𝒑)𝒔
𝒑=𝟎 ) +

𝒕𝟐

𝟎
𝒏𝟏𝝋𝟏(‖| 𝒚|‖) ∫ 𝒅𝒔(⋁ 𝒈𝟏(𝒕𝟏, 𝒑)𝒔

𝒑=𝟎 )
𝒕𝟐

𝒕𝟏
] 

 

                                      ≤  ℵ(𝒉𝟏, 𝝐) + [𝒎𝟏(𝒕𝟐)ℵ(𝒚, 𝝐)ℵ𝒇𝒊(𝝐)]𝒏𝟏𝝋𝟏(‖| 𝒚|‖) +

∫ 𝒅𝒔(⋁ 𝒈𝟏(𝒕𝟐, 𝒔)𝒕
𝒔=𝟎 )

𝒕𝟐

𝟎
 

 

                                      + [𝒎𝟏 ‖𝒚‖ + 𝑭𝟏] [𝒏𝟏𝝋𝟏(‖| 𝒚|‖) ∫ 𝒅𝒔(⋁ [𝒈𝟏(𝒕𝟐, 𝒔) − 𝒈𝟏(𝒕𝟏, 𝒔)]𝒕
𝒔=𝟎 )

𝒕𝟐

𝟎
 

 

                                      + ℵ𝒖𝟏(𝝐) ∫ 𝒅𝒔(⋁ 𝒈𝟏(𝒕𝟐, 𝒔)𝒔
𝒔=𝟎 ) +

𝒕𝟐

𝟎
𝒏𝟏𝝋𝟏(‖| 𝒚|‖) ∫ 𝒅𝒔(⋁ 𝒈𝟏(𝒕𝟏, 𝒔)𝒕

𝒔=𝟎 )
𝒕𝟐

𝒕𝟏
] 

 

                                      ≤  ℵ(𝒉𝟏, 𝝐) + 𝑲𝟏[𝒎𝟏ℵ(𝒚, 𝝐) + ℵ𝒇𝟏(𝝐)]𝒏𝟏𝝋𝟏(𝒓) 

 

                                      + [𝒎𝟏 𝒓 + 𝑭𝟏][𝒏𝟏𝝋𝟏(𝒓)𝑾𝟏(𝝐) + ℵ𝒇𝟏(𝝐)[𝒈𝟏(𝒕𝟏, 𝒕𝟐) − 𝒈𝟏(𝒕𝟏, 𝟎)] 

 

                                      + 𝒏𝟏𝝋𝟏(𝒓)[𝒈𝟏(𝒕𝟏, 𝒕𝟐) − 𝒈𝟏(𝒕𝟏, 𝒕𝟏)]]. 

 

Hence, from the continuity of the functions 𝒈𝟏 supposition (vi), we conclude 

that 𝑻𝟏 maps 𝑪(𝑰) into 𝑪(𝑰). As done above we can gain  

 

 

  |𝑻𝟐𝒚(𝒕𝟐) − 𝑻𝟐𝒚(𝒕𝟏)| ≤  ℵ(𝒉𝟐, 𝝐) + 𝑲𝟐[𝒎𝟐ℵ(𝒚, 𝝐) + ℵ𝒇𝟐(𝝐)]𝒏𝟐𝝋𝟐(𝒓) 

 

                                      + [𝒎𝟐 𝒓 + 𝑭𝟐][𝒏𝟐𝝋𝟐(𝒓)𝑾𝟐(𝝐) + ℵ𝒇𝟐(𝝐)[𝒈𝟐(𝒕𝟏, 𝒕𝟐) − 𝒈𝟐(𝒕𝟏, 𝟎)] 

 

                                      + 𝒏𝟐𝝋𝟐(𝒓)[𝒈𝟐(𝒕𝟏, 𝒕𝟐) − 𝒈𝟐(𝒕𝟏, 𝒕𝟏)]] 

 

Also, by our supposition (iv), we see that 𝑻𝟐 maps 𝑪(𝑰) into 𝑪(𝑰). 

Now, from the definition of the operator 𝑻 we get 

 

                𝑻𝒗(𝒕𝟐) − 𝑻𝒗(𝒕𝟏) = 𝑻(𝒙, 𝒚)(𝒕𝟐) − 𝑻(𝒙, 𝒚)(𝒕𝟏) 
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                                              = (𝑻𝟏𝒚(𝒕𝟐), 𝑻𝟐𝒙(𝒕𝟐)) − (𝑻𝟏𝒚(𝒕𝟏), 𝑻𝟐𝒙(𝒕𝟏)) 

 

                                               = (𝑻𝟏𝒚(𝒕𝟐) − 𝑻𝟏𝒚(𝒕𝟏), 𝑻𝟐𝒙(𝒕𝟐) − 𝑻𝟐𝒙(𝒕𝟏)). 

 

Thus 

 

       ‖𝑻𝒗(𝒕𝟐) − 𝑻𝒗(𝒕𝟏)‖ = ‖(𝑻𝟏𝒚(𝒕𝟐) − 𝑻𝟏𝒚(𝒕𝟏), 𝑻𝟐𝒙(𝒕𝟐) − 𝑻𝟐𝒙(𝒕𝟏))‖ 

 

                                          = 𝒎𝒂𝒙 {‖𝑻𝟏𝒚(𝒕𝟐) − 𝑻𝟏𝒚(𝒕𝟏)‖, ‖𝑻𝟐𝒚(𝒕𝟐) − 𝑻𝟐𝒚(𝒕𝟏)‖} 

 

                                         ≤ 𝒎𝒂𝒙 {ℵ(𝒉𝟏, 𝝐) + 𝑲𝟏[𝒎𝟏ℵ(𝒚, 𝝐) + ℵ𝒇𝟏(𝝐)]𝒏𝟏𝝋𝟏(𝒓)  

 

                                         + [𝒎𝟏𝒓 + 𝑭𝟏}[𝒏𝟏𝝋𝟏(𝒓)𝑾𝟏(𝝐) + ℵ𝒖𝟏(𝝐)[𝒈𝟏(𝒕𝟏, 𝒕𝟐) − 𝒈𝟏(𝒕𝟏, 𝟎)] 
 

                                         + 𝒏𝟏𝝋𝟏(𝒓)[𝒈𝟏(𝒕𝟏, 𝒕𝟐) − 𝒈𝟏(𝒕𝟏, 𝒕𝟏)]], 
 

                                            ℵ(𝒉𝟐, 𝝐) + 𝑲𝟐[𝒎𝟐ℵ(𝒚, 𝝐) + ℵ𝒇𝟐(𝝐)]𝒏𝟐𝝋𝟐(𝒓) 

 

                                         + [𝒎𝟐𝒓 + 𝑭𝟐}[𝒏𝟐𝝋𝟐(𝒓)𝑾𝟐(𝝐) + ℵ𝒖𝟐(𝝐)[𝒈𝟐(𝒕𝟏, 𝒕𝟐) − 𝒈𝟐(𝒕𝟏, 𝟎)] 
 

                                         + 𝒏𝟐𝝋𝟐(𝒓)[𝒈𝟐(𝒕𝟏, 𝒕𝟐) − 𝒈𝟐(𝒕𝟏, 𝒕𝟏)]]}. 
 

This means that the class of {𝑻𝒗(𝒕)} is equi-continuous on 𝑰, then by Arzela-

Ascoil theorem {𝑻𝒗(𝒕)} is relatively compact. 

Now, we will show that the operator 𝑻 ∶  𝑽 →  𝑽 is continuous. 

originally, we prove that 𝑻𝟏 is continuous. Let 𝝐 ∗ >  𝟎, the continuity of 𝒖𝒊, 𝒊 =

 𝟏, 𝟐, yields, ∃ 𝜹 =  𝜹(𝝐 ∗) such that |𝒖𝒊(𝒕, 𝒔, 𝒖(𝒔))  −  𝒖𝒊(𝒕, 𝒔, 𝒗(𝒔))| <  𝝐 ∗, whenever ∥

𝒖 −  𝒗 ∥ ≤   𝜹, therefore if ∥ 𝒚 −  𝒖 ∥ ≤  𝜹, we arrive at: 

 

  |(𝑻𝟏𝒚)(𝒕) − (𝑻𝟏𝒖)(𝒕)| 

 

 ≤ |𝒇𝟏(𝒕, 𝒚(𝝎𝟏(𝒕)) ∫ 𝒖𝟏(𝒕, 𝒔, 𝒚( 𝝎𝟏(𝒔))𝒅𝒔𝒈𝟏(𝒕, 𝒔)
𝒕

𝟎
 

 

  −𝒇𝟏(𝒕, 𝒖 (𝝎𝟏(𝒕)) ∫ 𝒖𝟏(𝒕, 𝒔, 𝒖( 𝝎𝟏(𝒔))𝒅𝒔𝒈𝟏(𝒕, 𝒔)
𝒕

𝟎
|  

  

 ≤ |𝒇𝟏(𝒕, 𝒚(𝝎𝟏(𝒕)) ∫ 𝒖𝟏(𝒕, 𝒔, 𝒖( 𝝎𝟏(𝒔))𝒅𝒔𝒈𝟏(𝒕, 𝒔)
𝒕

𝟎
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 − 𝒇𝟏(𝒕, 𝒖(𝝎𝟏(𝒕)) ∫ 𝒖𝟏(𝒕, 𝒔, 𝒚( 𝝎𝟏(𝒔))𝒅𝒔𝒈𝟏(𝒕, 𝒔)
𝒕

𝟎
| 

 

  + 𝒇𝟏(𝒕, 𝒖(𝝎𝟏(𝒕)) ∫ 𝒖𝟏(𝒕, 𝒔, 𝒚( 𝝎𝟏(𝒔))𝒅𝒔𝒈𝟏(𝒕, 𝒔)
𝒕

𝟎
 

 

 − 𝒇𝟏(𝒕, 𝒖 (𝝎𝟏(𝒕)) ∫ 𝒖𝟏(𝒕, 𝒔, 𝒖( 𝝎𝟏(𝒔))𝒅𝒔𝒈𝟏(𝒕, 𝒔)
𝒕

𝟎
| 

 

  ≤ |𝒇𝟏(𝒕, 𝒚(𝝎𝟏(𝒕)) − 𝒇𝟏(𝒕, 𝒖(𝝎𝟏(𝒕))| ∫ |𝒖𝟏(𝒕, 𝒔, 𝒚( 𝝎𝟏(𝒔))| 𝒅𝒔𝒈𝟏(𝒕, 𝒔)
𝒕

𝟎
 

 

  + |𝒇𝟏(𝒕, 𝒖 (𝝎𝟏(𝒕))| ∫ |𝒖𝟏(𝒕, 𝒔, 𝒚( 𝝎𝟏(𝒔)) − 𝒖𝟏(𝒕, 𝒔, 𝒖( 𝝎𝟏(𝒔))|𝒅𝒔𝒈𝟏(𝒕, 𝒔)
𝒕

𝟎
 

 

  ≤  𝒎𝟏(𝒕)|𝒚(𝒕) − 𝒖(𝒕)| ∫ 𝒏𝟏(𝒕, 𝒔)𝝋𝟏(|𝒚(𝒔)|)
𝒕

𝟎
 𝒅𝒔𝒈𝟏(𝒕, 𝒔) 

 

  + [𝒎𝟏 (𝒕)|𝒖(𝒕𝟏)| + |𝒇𝟏(𝒕𝟏, 𝟎)|] ∫ |𝒖𝟏(𝒕, 𝒔, 𝒚( 𝝎𝟏(𝒔)) − 𝒖𝟏(𝒕, 𝒔, 𝒖( 𝝎𝟏(𝒔))| 𝒅𝒔𝒈𝟏(𝒕, 𝒔)
𝒕

𝟎
 

 

 ≤ (𝜹𝒎𝟏𝒏𝟏𝝋𝟏(‖𝒚‖) + [𝒎𝟏‖𝒖‖ + 𝑭𝟏]𝝐∗) ∫ 𝒅𝒔 ⋁ 𝒈𝟏(𝒕, 𝒑)𝒔
𝒑=𝟎

𝒕

𝟎
 

 

 ≤ (𝜹𝒎𝟏𝒏𝟏𝝋𝟏(‖𝒚‖) + [𝒎𝟏‖𝒖‖ + 𝑭𝟏]𝝐∗) ⋁ 𝒈𝟏(𝒕, 𝒔),𝒕
𝒔=𝟎  

 

 ≤ (𝜹𝒎𝟏𝒏𝟏𝝋𝟏(‖𝒚‖) + [𝒎𝟏‖𝒖‖ + 𝑭𝟏]𝝐∗)𝑲𝟏, 
 

where 

 

𝝐 = (𝜹𝒎𝟏𝒏𝟏𝝋𝟏(‖𝒚‖) + [𝒎𝟏‖𝒖‖ + 𝑭𝟏]𝝐∗)𝑲𝟏. 

 

Therefore 

 

|(𝑻𝟏𝒚)(𝒕) − (𝑻𝟏𝒖)(𝒕)| ≤ 𝝐. 

 

This means that the operator 𝑻𝟏 is continuous. 

By a analogous way as done above we can prove that for any 𝒙, 𝒖 ∈  𝑪[𝟎, 𝑻] and 

∥ 𝒙 −  𝒗 ∥ <  𝜹, we have 

 

|(𝑻𝟐𝒙)(𝒕) − (𝑻𝟐𝒗)(𝒕)| ≤ 𝝐. 

 

Hence 𝑻𝟐 is continuous operator. The operators 𝑻𝒊 (𝒊 =  𝟏, 𝟐) are continuous 

operator this indicate that 𝑻 is continuous operator. Since all conditions of 
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Schauder fixed point theorem are satisfied, also 𝑻 has at least one fixed point 

𝒗 =  (𝒙, 𝒚)  ∈  𝑽, which completes the evidence. 

 

Corollary 1. Let hypotheticals of Theorem 1 be satisfied. Then quadratic 

Volterra-Stieltjes functional integral equation 

 

                          𝒙(𝒕) =  𝒉(𝒕) + 𝒇(𝒕, 𝒚(𝝎(𝒕)) ∫ 𝒖(𝒕, 𝒔, 𝒚(𝝎(𝒔))𝒅𝒔𝒈(𝒕, 𝒔)
𝒕

𝟎
, 𝒕 ∈ 𝑰               (3) 

 

has at least one solution 𝒙 ∈ 𝑪(𝑰). 

 

Proof. Let the hypotheticals of Theorem 1 be satisfied. With 𝒙 = 𝒚,  𝒇𝟏 = 𝒇𝟐 = 𝒇,

𝒖𝟏 = 𝒖𝟐 = 𝒖,  and  𝒉𝟏 = 𝒉𝟐 = 𝒉 . Also the coupled system (1) will be the Volterra-

Stieltjes quadratic integral equation (3) 

 

3. Existence of unique solution 

 

Here, we study the uniqueness of the solution (𝒙, 𝒚)  ∈  𝑿 of the coupled system 

of 

quadratic Volterra-Stieltjes integral equations (1). Assume that functions 𝝋𝒊 ∶

 𝑹+ →  𝑹 + have the 

form 𝝋𝒊(𝒙)  =  𝟏 +  |𝒙|, and the functions 𝒏𝒊(𝒕, 𝒔)  ∈  𝑪(𝑰) denoted by 

 𝒃𝒊  = ∥ 𝒏𝒊 ∥ =  𝒎𝒂𝒙{𝒏𝒊(𝒕, 𝒔) 𝒕, 𝒔 ∈  𝑰, 𝒊 =  𝟏, 𝟐} . Then 

 

                                                    |𝒖𝒊(𝒕, 𝒔, 𝒙)| ≤  𝒏𝒊(𝒕, 𝒔)(𝟏 + |𝒙|). 

 

Notice that this assumption is a special case of assumption (iii). 

Consider now the assumptions (ii)*, (iii)* having the form 

 

(ii)* 𝒇𝒊: 𝑰 × 𝑹 → 𝑹 are continuous functions and there exist constants numbers 

𝒎𝒊 such that 
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|𝒇𝒊(𝒕, 𝒙) − 𝒇𝒊(𝒕, 𝒚)| ≤ 𝒎𝒊|𝒙 − 𝒚|, 𝒊 = 𝟏, 𝟐. 

 

From this assumption, we can deduce that 

 

|𝒖𝒊(𝒕, 𝒔, 𝒙)| − |𝒖𝒊(𝒕, 𝒔, 𝟎)| ≤ |𝒖𝒊(𝒕, 𝒔, 𝒙) − 𝒖𝒊(𝒕, 𝒔, 𝟎)| ≤ 𝒃𝒊|𝒙|, 

 

which implies that  

 

                         |𝒖𝒊(𝒕, 𝒔, 𝒙)| ≤ |𝒖𝒊(𝒕, 𝒔, 𝟎)| + 𝒃𝒊|𝒙| ≤ 𝒏𝒊(𝒕, 𝒔) + 𝒃𝒊|𝒙|, 

 

where 𝒏𝒊(𝒕, 𝒔) = 𝐬𝐮𝐩
𝒕∈𝑰

|𝒖𝒊(𝒕, 𝒔, 𝟎)|. 

 

Theorem 2. Let hypotheticals of Theorem 1 be satisfied with replace 

hypotheticals (ii), (iii) by (ii)*, (iii)*, if the following conditions hold 

 

𝒎(𝒏 + 𝒃𝒓) + (𝒎𝒓 + 𝑭)𝑲 ≤ 𝟏. 

 

Then the  coupled system (1) has an unique solution (𝒙, 𝒚) ∈ 𝑿. 

 

Proof.  Let 𝒗𝟏 = (𝒙𝟏, 𝒚𝟏) and 𝒗𝟐 =  (𝒙𝟐, 𝒚𝟐) be two solutions of the coupled system 

(1), we have 

 

                              ‖(𝒙𝟏, 𝒚𝟏) − (𝒙𝟐, 𝒚𝟐)‖𝑿 = ‖(𝒙𝟏 −  𝒙𝟐, 𝒚𝟏 − 𝒚𝟐‖𝑿 

 

= 𝐦𝐚𝐱
𝒕∈𝑰

{‖𝒙𝟏 −  𝒙𝟐‖, ‖𝒚𝟏 − 𝒚𝟐‖}. 

Now 

 

 |𝒙𝟏(𝒕) − 𝒙𝟐(𝒕)| 

 

 ≤ |𝒇𝟏(𝒕, 𝒚𝟏(𝝎𝟏(𝒕)) ∫ 𝒖𝟏(𝒕, 𝒔, 𝒚𝟏( 𝝎𝟏(𝒔))𝒅𝒔𝒈𝟏(𝒕, 𝒔)
𝒕

𝟎
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 − 𝒇𝟏(𝒕, 𝒚𝟐 (𝝎𝟏(𝒕)) ∫ 𝒖𝟏(𝒕, 𝒔, 𝒚𝟐( 𝝎𝟏(𝒔))𝒅𝒔𝒈𝟏(𝒕, 𝒔)
𝒕

𝟎
| 

 

≤ |𝒇𝟏(𝒕, 𝒚𝟏(𝝎𝟏(𝒕)) ∫ 𝒖𝟏(𝒕, 𝒔, 𝒚𝟏( 𝝎𝟏(𝒔))𝒅𝒔𝒈𝟏(𝒕, 𝒔)
𝒕

𝟎
  

 − 𝒇𝟏(𝒕, 𝒚𝟐 (𝝎𝟏(𝒕)) ∫ 𝒖𝟏(𝒕, 𝒔, 𝒚𝟏( 𝝎𝟏(𝒔))𝒅𝒔𝒈𝟏(𝒕, 𝒔)
𝒕

𝟎
| 

 + |𝒇𝟏(𝒕, 𝒚𝟐(𝝎𝟏(𝒕)) ∫ 𝒖𝟏(𝒕, 𝒔, 𝒚𝟏( 𝝎𝟏(𝒔))𝒅𝒔𝒈𝟏(𝒕, 𝒔)
𝒕

𝟎
 

 − 𝒇𝟏(𝒕, 𝒚𝟐 (𝝎𝟏(𝒕)) ∫ 𝒖𝟏(𝒕, 𝒔, 𝒚𝟐( 𝝎𝟏(𝒔))𝒅𝒔𝒈𝟏(𝒕, 𝒔)
𝒕

𝟎
| 

 ≤  |𝒇𝟏(𝒕, 𝒚𝟏(𝝎𝟏(𝒕)) − 𝒇𝟏(𝒕, 𝒚𝟐(𝝎𝟏(𝒕))| ∫ |𝒖𝟏(𝒕, 𝒔, 𝒚𝟏( 𝝎𝟏(𝒔))|𝒅𝒔𝒈𝟏(𝒕, 𝒔)
𝒕

𝟎
 

 + | 𝒇𝟏(𝒕, 𝒚𝟐 (𝝎𝟏(𝒕))| ∫ |𝒖𝟏(𝒕, 𝒔, 𝒚𝟏( 𝝎𝟏(𝒔)) − 𝒖𝟏(𝒕, 𝒔, 𝒚𝟐( 𝝎𝟏(𝒔))|
𝒕

𝟎
𝒅𝒔𝒈𝟏(𝒕, 𝒔)  

 ≤  𝒎𝟏|𝒚𝟏(𝒕) − 𝒚𝟐(𝒕)| ∫ (𝒏𝟏(𝒕, 𝒔) + 𝒃𝟏|𝒚|)𝒅𝒔𝒈𝟏(𝒕, 𝒔)
𝒕

𝟎
 

 + [𝒎𝟏|𝒚𝟐(𝒕)| + |𝒇𝟏(𝒕, 𝟎)|]𝒃𝒊 ∫ |𝒚𝟏(𝒕) − 𝒚𝟐(𝒕)|
𝒕

𝟎
𝒅𝒔𝒈𝟏(𝒕, 𝒔) 

 ≤ [‖𝒚𝟏 − 𝒚𝟐‖𝒎𝟏(𝒏𝟏 − 𝒃𝟏‖𝒚𝟏‖) + [𝒎𝟏‖𝒚𝟐‖ + 𝑭𝟏]‖𝒚𝟏 − 𝒚𝟐‖ ∫ 𝒅𝒔(⋁ 𝒈𝟏(𝒕, 𝒑))𝒔
𝒑=𝟎

𝒕

𝟎
 

 ≤ 𝒎𝟏(𝒏𝟏 + 𝒃𝟏‖𝒚𝟏‖) + [𝒎𝟏‖𝒚𝟐‖ + 𝑭𝟏‖𝒚𝟏 − 𝒚𝟐‖](⋁ 𝒈𝟏(𝒕, 𝒔)𝒕
𝒔=𝟎 ) 

 ≤ 𝒎𝟏(𝒏𝟏 + 𝒃𝟏𝒓𝟏) + [𝒎𝟏𝒓𝟏 + 𝑭𝟏]𝑲𝟏‖𝒚𝟏 − 𝒚𝟐‖. 

Therefore 

‖𝒙𝟏 − 𝒙𝟐‖ ≤ 𝒎(𝒏 + 𝒃𝒓) + [𝒎𝒓 + 𝑭]𝑲‖𝒚𝟏 − 𝒚𝟐‖, 

where 

𝒃 = 𝒎𝒂𝒙{𝒃𝟏, 𝒃𝟐}, 𝒎 = 𝒎𝒂𝒙{𝒎𝟏, 𝒎𝟐}, 𝒏 = 𝒎𝒂𝒙{𝒏𝟏, 𝒏𝟐}, 𝑭 = 𝒎𝒂𝒙{𝑭𝟏, 𝑭𝟐} and  

𝑲 = 𝒎𝒂𝒙 {𝑲𝟏, 𝑲𝟐}. 

Similarly 

‖𝒚𝟏 − 𝒚𝟐‖ ≤ 𝒎(𝒏 + 𝒃𝒓) + [𝒎𝒓 + 𝑭]𝑲‖𝒙𝟏 − 𝒙𝟐‖. 

Then 

           ‖(𝒙𝟏, 𝒚𝟏) − (𝒙𝟐, 𝒚𝟐)‖𝑿 = ‖(𝒙𝟏 −  𝒙𝟐, 𝒚𝟏 − 𝒚𝟐‖𝑿 

          = 𝐦𝐚𝐱
𝒕∈𝑰

{‖𝒙𝟏 −  𝒙𝟐‖𝑪, ‖𝒚𝟏 − 𝒚𝟐‖𝑪} 

         = 𝐦𝐚𝐱
𝒕∈𝑰

{𝒎(𝒏 + 𝒃𝒓) + [𝒎𝒓 + 𝑭]𝑲‖𝒚𝟏 − 𝒚𝟐‖𝒎(𝒏 + 𝒃𝒓) + [𝒎𝒓 + 𝑭]𝑲‖𝒙𝟏 − 𝒙𝟐‖} 

         = [𝒎(𝒏 + 𝒃𝒓) + [𝒎𝒓 + 𝑭]𝑲] 𝐦𝐚𝐱
𝒕∈𝑰

{‖𝒙𝟏 −  𝒙𝟐‖𝑪, ‖𝒚𝟏 − 𝒚𝟐‖𝑪} 

         = 𝒎(𝒏 + 𝒃𝒓) + [𝒎𝒓 + 𝑭]𝑲 ‖(𝒙𝟏, 𝒚𝟏) − (𝒙𝟐, 𝒚𝟐)‖𝑿. 

Which implies that 

[𝟏 − 𝒎(𝒏 + 𝒃𝒓) + [𝒎𝒓 + 𝑭]𝑲]‖(𝒙𝟏, 𝒚𝟏) − (𝒙𝟐, 𝒚𝟐)‖𝑿 ≤ 𝟎. 

This means that 

(𝒙𝟏, 𝒚𝟏) = (𝒙𝟐, 𝒚𝟐)  ⟹  𝒙𝟏 = 𝒙𝟐, 𝒚𝟏 = 𝒚𝟐. 
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This proves the uniqueness of the solution of the coupled system (1). 

 

4. SPECIAL CASES  

A related system of fractional-order quadratic Volterra integral equations of 

the following type will be studied in this section:        

           𝒙(𝒕) = 𝒉𝟏(𝒕) + 𝒇𝟏(𝒕, 𝒚(𝝎𝟏(𝒕))) ∫
(𝒕−𝒔)𝜶−𝟏

𝜞(𝜶𝟏)
 𝒖𝟏(𝒕, 𝒔, 𝒚(𝝎𝟏(𝒕))) 𝒅𝒔, 𝒕 ∈ 𝑰

𝒕

𝒐
 

     (4) 

𝒚(𝒕) = 𝒉𝟏(𝒕) + 𝒇𝟐(𝒕, 𝒙(𝝎𝟐(𝒕))) ∫
(𝒕 − 𝒔)𝜶−𝟏

𝜞(𝜶𝟏)
 𝒖𝟐(𝒕, 𝒔, 𝒙(𝝎𝟐(𝒕))) 𝒅𝒔, 𝒕 ∈ 𝑰

𝒕

𝒐

 

where 𝒕 ∈  𝑰 =  [𝟎, 𝑻] and 𝜶𝒊  ∈  (𝟎, 𝟏), and 𝛤(𝛼𝑖), 𝑖 =  1, 2, refers to gamma 

functions. Let us mention that (4) represents the so-called a coupled systems 

of Volterra quadratic integral equations of fractional order. Recently, such a 

type this type has been widely investigated in some papers [1, 9, 10, 12, 13, 

14] 

Here, we show that a coupled systems of fractional orders (4) can be treated as 

a special case of a coupled systems of quadratic Volterra-Stieltjes integral 

equations (2) studied in Section 2. 

In fact, we can consider functions 𝒈𝒊(𝒕, 𝒔)  = 𝒈𝒊 ∶ △ →  𝑹, 𝒊 =  𝟏, 𝟐, defined by the 

formula 

𝒈𝒊(𝒕, 𝒔) =
𝒕𝜶𝒊 − (𝒕 − 𝒔)𝜶𝒊

𝜞(𝜶𝒊 + 𝟏)
. 

We can see that functions 𝒈𝒊, 𝒊 =  𝟏, 𝟐, satisfy hypotheticals (vi)-(vii) in 

Theorem 1, see [6, 8]. 

Now, we state the following existence results for couple system of quadratic 

Volterra integral equations of fractional order (4). 

Theorem 3. Let hypotheticals (i)-(viii) of Theorem 1 be satisfied. Then a 

coupled systems of fractional orders (4) has at least one solution (𝒙, 𝒚)  ∈  𝑿. 

 

Corollary 2. Let hypotheticals of Theorem 3 be satisfied (with  =  𝒚, 𝒖𝟏  =  𝒖𝟐  =

 𝒖 ,𝒇𝟏  =  𝒇𝟐  =  𝒇, 𝒉𝟏  =  𝒉𝟐  = 𝒉 and 𝜶𝟏  =  𝜶𝟐  =  𝜶). Then the fractional-order 

quadratic integral equation 
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                                 𝒙(𝒕) = 𝒉(𝒕) + 𝒇(𝒕, 𝒙(𝝎(𝒕))) ∫
(𝒕−𝒔)𝜶−𝟏

𝜞(𝜶)
 𝒖(𝒕, 𝒔, 𝒙(𝝎(𝒕))) 𝒅𝒔, 𝒕 ∈ 𝑰

𝒕

𝒐
 

 

has at least one solution in x ∈ C(I) . 

 

Corollary 3. Let hypotheticals of Theorem 3 be satisfied, with 𝒇𝟏(𝒕, 𝒚(𝒕))  =

 𝒇𝟐(𝒕, 𝒙(𝒕))  =  𝟏. Then a coupled system of the fractional-order quadratic 

integral system 

𝒙(𝒕) = 𝒉𝟏(𝒕) + ∫
(𝒕 − 𝒔)𝜶−𝟏

𝜞(𝜶)
 𝒖𝟏(𝒕, 𝒔, 𝒚(𝝎𝟏(𝒕))) 𝒅𝒔, 𝒕 ∈ 𝑰

𝒕

𝒐

 

 

 (5) 

𝒚(𝒕) = 𝒉𝟏(𝒕) + ∫
(𝒕 − 𝒔)𝜶−𝟏

𝜞(𝜷)
 𝒖𝟐(𝒕, 𝒔, 𝒙(𝝎𝟐(𝒕))) 𝒅𝒔, 𝒕 ∈ 𝑰

𝒕

𝒐

 

 

has at least one solution in (𝒙, 𝒚)  ∈  𝑿. 

 

Now, letting 𝜶𝟏, 𝜶𝟐  →  𝟏, we obtain 

 

Corollary 4. Let hypotheticals of Theorem 3 be satisfied. Then the coupled 

system of the initial value problems 

 

𝒙(𝒕)

𝒅𝒕
= 𝒖𝟏 (𝒕, 𝒔, 𝒚(𝝎𝟏(𝒕))) , 𝒕 ∈ 𝑰,    𝒙(𝟎) = 𝒙𝟎, 

 

 (6) 

𝒚(𝒕)

𝒅𝒕
= 𝒖𝟏 (𝒕, 𝒔, 𝒙(𝝎𝟐(𝒕))) , 𝒕 ∈ 𝑰,    𝒚(𝟎) = 𝒚𝟎, 

 

Proof. Let hypotheticals of Theorem 3 be satisfied (with 𝒇𝟏(𝒕, 𝒚(𝒕)) =

 𝒇𝟐(𝒕, 𝒙(𝒕)) =  𝟏, 𝒉𝟏(𝒕) = 𝒙𝟎, 𝒉𝟐(𝒕)  =  𝒚𝟎 and letting 𝜶, 𝜷 →  𝟏. Then a coupled 

system of the fractional-order quadratic integral equations 
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𝒙(𝒕) = 𝒙𝟎 + ∫  𝒖𝟏(𝒕, 𝒔, 𝒚(𝝎𝟏(𝒕))) 𝒅𝒔, 𝒕 ∈ 𝑰,
𝒕

𝒐

 

 

 (7) 

𝒚(𝒕) = 𝒚𝟎 + ∫  𝒖𝟏(𝒕, 𝒔, 𝒙(𝝎𝟐(𝒕))) 𝒅𝒔, 𝒕 ∈ 𝑰,
𝒕

𝒐

 

 

has at least one solution in 𝑿 which is equivalent to the coupled system of the 

initial value problems (6). 

 

Corollary 5.  Let hypotheticals of Theorem 3 be satisfied. Then the coupled 

system of fractional order differential equations 

 

𝑫𝜶𝟏𝒙(𝒕) = 𝒖𝟏 (𝒕, 𝒔, 𝒚(𝝎𝟏(𝒕))) , 𝒕 ∈ 𝑰 

    (8)     

  

𝑫𝜶𝟐𝒚(𝒕) = 𝒖𝟐 (𝒕, 𝒔, 𝒙(𝝎𝟐(𝒕))) , 𝒕 ∈ 𝑰, 

 

 with the initial conditions 

 

                                  𝑰𝟏−𝜶𝟏𝒙(𝒕)│𝒕=𝟎 = 𝑰𝟏−𝜶𝟐𝒚(𝒕)│𝒕=𝟎 = 𝟎, 𝜶𝟏, 𝜶𝟐 ∈ (𝟎, 𝟏],         (9) 

 

has at least one solution in (𝒙, 𝒚) ∈ 𝑿. 

 

Proof. let us proof the coupled system of the initial value problems (8) and (9) 

is equivalent to the coupled system of quadratic integral system 

 

 

 

𝒙(𝒕) = ∫
(𝒕 − 𝒔)𝜶−𝟏

𝜞(𝜶)
 𝒖𝟏(𝒕, 𝒔, 𝒚(𝝎𝟏(𝒕))) 𝒅𝒔, 𝒕 ∈ 𝑰

𝒕

𝒐
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 (10) 

𝒚(𝒕) = ∫
(𝒕 − 𝒔)𝜶−𝟏

𝜞(𝜷)
 𝒖𝟐(𝒕, 𝒔, 𝒙(𝝎𝟐(𝒕))) 𝒅𝒔, 𝒕 ∈ 𝑰

𝒕

𝒐

 

 

By operating 𝑰𝟏−𝜶𝟏 and 𝑰𝟏−𝜶𝟐respectively on each equation of coupled system 

(10), and applying properties of fractional operator [23], we obtain 

 

                                  𝑰𝟏−𝜶𝟏𝒙(𝒕) = 𝑰𝟏𝒖𝟏(𝒕, 𝒔, 𝒚(𝝎𝟏(𝒕))),         𝑰𝟏−𝜶𝟏𝒙(𝒕)│𝒕=𝟎 = 𝟎 

 

                                 𝑰𝟏−𝜶𝟐𝒚(𝒕) = 𝑰𝟏𝒖𝟐(𝒕, 𝒔, 𝒚(𝝎𝟐(𝒕))), 𝑰𝟏−𝜶𝟐𝒚(𝒕)│𝒕=𝟎 = 𝟎. 

 

Also, 

 

                                  
𝒅

𝒅𝒕
𝑰𝟏−𝜶𝟏𝒙(𝒕) = 𝒖𝟏 (𝒕, 𝒔, 𝒚(𝝎𝟏(𝒕))) , 𝒕 ∈ 𝑰, 𝜶𝟏 ∈ (𝟎, 𝟏)  

 

                                  
𝒅

𝒅𝒕
𝑰𝟏−𝜶𝟐𝒚(𝒕) = 𝒖𝟐 (𝒕, 𝒔, 𝒚(𝝎𝟐(𝒕))) , 𝒕 ∈ 𝑰, 𝜶𝟐 ∈ (𝟎, 𝟏). 

 

Conversely, by integrating the coupled system of initial value problems (8) 

and (9), we have 

 

𝑰𝟏−𝜶𝟏𝒙(𝒕) − 𝑰𝟏−𝜶𝟏𝒙(𝒕)│𝒕=𝟎 = 𝑰𝟏𝒖𝟏(𝒕, 𝒔, 𝒚(𝝎𝟏(𝒕))) 

 

𝑰𝟏−𝜶𝟐𝒚(𝒕) − 𝑰𝟏−𝜶𝟐𝒚(𝒕)│𝒕=𝟎 = 𝑰𝟏𝒖𝟐 (𝒕, 𝒔, 𝒚(𝝎𝟐(𝒕))). 

 

Operating by 𝑰𝜶𝟏 and 𝑰𝜶𝟐 respectively on each equation and differentiating, we 

have (10). Thus, the equivalence hold. 

Let hypotheticals of Theorem 3 be satisfied (with  𝒇𝟏 (𝒕, 𝒚(𝝎𝟏(𝒕))) = 

𝒇𝟐 (𝒕, 𝒙(𝝎𝟐(𝒕))) =  𝟏, 𝒉𝟏(𝒕)  =  𝒉𝟐(𝒕)  =  𝟎. Then there exists at least one solution in 

𝑿 for the coupled system (8 and 9). 
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